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Abstract The trajectory of the index finger during

grasping movements was compared to the trajectories

predicted by three optimization-based models. The three

models consisted of minimizing the integral of the

weighted squared joint derivatives along the path (inertia-

like cost), minimizing torque change, and minimizing

angular jerk. Of the three models, it was observed that the

path of the fingertip and the joint trajectories, were best

described by the minimum angular jerk model. This model,

which does not take into account the dynamics of the fin-

ger, performed equally well when the inertia of the finger

was altered by adding a 20 g weight to the medial pha-

lange. Thus, for the finger, it appears that trajectories are

planned based primarily on kinematic considerations at a

joint level.
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Introduction

The present work examines the trajectory of the index

finger during grasping movements, in particular, which

endpoint paths and joint angle trajectories are used during

these movements. Different models in the literature are

compared based on their ability to describe the observed

experimental data.

The study of grasping movements in humans has been

mostly addressed from the perspective of reach-to-grasp

movements, which have been typically considered as

consisting of two independent components (Jeannerod

1981), one for bringing the hand to the location of the

object, and the other for shaping the hand for the grasp. The

focus of this article is on the component responsible for

shaping the fingers during the grasp.

The major approach used in modeling this problem has

been to specify the desired final joint configuration

(Berkinblit et al. 1986), and to reach it in some way. The

joints may move in a coordinated way (Rosenbaum et al.

2001; Dejmal and Zacksenhouse 2006), such that all the

joint velocities are linearly related. This approach is sup-

ported by Principal Component Analysis (Santello et al.

2002) and singular value decomposition (Mason et al.

2001) of grasping movements, which show that a linear

combination of joint velocities can account for most of the

variance observed in finger movements. The velocity pro-

files of the joints are generally assumed to be bell shaped

(Rosenbaum et al. 2001), which is approximately equiva-

lent to minimizing angular jerk.

An alternative approach is to plan the movement of the

fingertip, for example by minimizing jerk in Cartesian

coordinates (Secco et al. 2004), which results in straight

line fingertip trajectories. A similar idea is described in

Smeets and Brenner (1999), however in that work, they

have modeled the combined movement of the arm and the

grasping fingers as following a minimum jerk trajectory,

and by relaxing some constraints of the minimum jerk

model, they were able to generate curved fingertip paths.

In modeling arm movements, energetic considerations

have been the motivation for a number of models,
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including minimizing cost functions related to kinetic

energy (Soechting et al. 1995; Biess et al. 2007) and torque

change (Uno et al. 1989). In this work, such cost functions

will be applied for modeling movements of the finger.

Empirical observations in the hand surgery literature

have noted that the path taken by the fingertip approxi-

mately follows a logarithmic spiral (Littler 1973). Gupta

et al. (1998) performed measurements of the paths taken by

the fingers using a motion capture system and confirmed

this finding, although they did not test any alternative

parameterizations of the path. Recently, the index finger

was measured during grasping, and the fingertips paths

were fitted well by logarithmic spirals (Kamper et al.

2003), and better than the fit provided by parabolas.

In this work, three optimization-based models for how

the central nervous system (CNS) may plan finger move-

ments are presented and their predictions, given the initial

and final postures during grasping movements, are com-

pared. These models are based on minimizing an inertia-

like cost, minimizing the rate of change of joint torques,

and minimizing angular jerk. The finger movements will be

assessed in two conditions—one with the finger moving in

a regular fashion, and another one involving the addition of

a weight to the medial phalange in order to significantly

change the finger’s inertial properties. Based on similar

models for the arm (Biess et al. 2007), we have expected

that an inertia-like cost function will produce predictions

that are the closest match to the experimental data.

Materials and methods

The experimental data used here were taken from four of

the subjects of the grasping experiments described in

Friedman and Flash (2007). In this work, the subjects were

required to grasp three different objects using only pad

opposition grasps (i.e., grasps that only contact with the

fingertips). They used two different grasps of each object,

namely, lifting a cup from the top and from the side,

unscrewing and lifting the lid of a narrow jar, and stirring

with and lifting a teaspoon. In each trial, the subjects began

with their hand at a marked position resting on the table,

then after hearing a beep, they moved their hand to grasp

the object, which they held until hearing a second beep,

2.5 s later. Following this phase, the subject manipulated

the object as instructed for 2 s, after which he or she

returned the object to its starting position. Each grasp was

repeated three times. The angular rotations of the fingers

were recorded using the CyberGlove (Immersion). The

finger tip location during the movement was calculated

from the joint angles using forward kinematics. The cali-

bration parameters were individually defined for each

subject.

During a typical grasping movement, the fingers first

open, before closing in on the object (Jeannerod 1981). The

part of the movement that is examined here is from the

time of maximum aperture of the fingers to when the fin-

gers grasp the object. The segmentation was performed by

selecting the last continuous time segment before contact

with the object where the three joint velocities being

considered are all positive, i.e., the finger is closing on the

object. The movement was considered to have been fin-

ished when the mean square finger joint velocities were

below a threshold of 0.10 rad2 s-2. Only grasping move-

ments which started from rest (at the moment of maximum

aperture) and the ones which had an arc length longer than

3 cm were considered. Shorter movements were not con-

sidered because such movements have paths very similar to

a straight line, and thus it is difficult to differentiate

between the predictions of the different models.

The lengths and radii of the fingers were measured using

calipers. The mass was estimated by assuming that the

phalanges are cylinders, with a density of 1,200 kg m-3

(Dempster 1955). These data were used in calculating the

inertia matrices for the fingers. The effect of using different

values for these parameters was considered by calculating

the sensitivity of the model predictions to variations in

these parameters.

If the finger trajectories selected are indeed a result of

energetic considerations, then changes in these trajectories

should be observed if the inertia of the finger is changed.

In order to test this possibility, the experiments from

Friedman and Flash (2007) were repeated at a later time

for the same four subjects analyzed in that paper, and

examined with the addition of a weight of 20 g to the

medial phalange of the index finger. This weight was in

the form of a lead spiral, worn symmetrically around the

phalange such that the inertia of the phalange would

increase in a uniform way in all directions. This weight

was much larger than the typical mass of this phalange

(around 3 g). The lead spiral was sufficiently small that it

could be worn inside the CyberGlove, and did not sig-

nificantly affect their ability to move the finger. The

subjects were given several minutes to make natural hand

movements while wearing the coil (i.e., not those move-

ments required for the task) to become familiar with

wearing it, and were able to perform prehension tasks

with no noticeable difficulties.

Parameterization of path by arc length

If the path of the fingertip was to follow a minimum jerk

solution (Flash and Hogan 1985), where the integral of the

squared sum of the jerk in Cartesian coordinates is mini-

mized, the fingertip must follow a straight line, which

clearly it does not. In the work of Kamper et al. (2003), it
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was shown that even if the endpoint constraint that the

acceleration be zero at the start and end of the movement is

removed, the trajectory still does not minimize the jerk cost

for the fingertip.

However, an alternative approach is to consider mini-

mizing jerk on the Euclidean arc length (Biess et al. 2007),

i.e., that the squared arc length jerk cost

C ¼
Ztf

t¼0

___s 2dt ð1Þ

is minimized along the specified path. The arc length is the

length along the curve, and can be calculated by

s ¼
Z1

k¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0ðkÞ2 þ y0ðkÞ2

q
dk ð2Þ

where k is a variable that monotonically increases with the

progression of the movement (such as time).

Models

To predict the trajectories of the index finger three different

models were compared. As this work studied ecological

grasping movements and strict instructions were not given

regarding the starting and final postures during the grasping

movement, the initial and final postures of the hand gen-

erally differed even between task repetitions by the same

subject. Thus, when we refer to ‘‘predicting’’ the trajectory

of the finger during grasping movements, we refer to pre-

dicting the time-varying joint angles and endpoint posi-

tions, of each individual movement, given the initial and

final postures of the finger and the duration of the move-

ment. Given these inputs, we determine the parameters of

the models based on the given optimality criteria, but the

predictions of the trajectories, based on the different

models, do not in any way use any other details regarding

the trajectories, as would be the case if using regression to

find the best fit curve.

Numerous studies in the motor control literature have

suggested various optimization-based models as a way of

modeling how the CNS may select movements. In this

work, we considered three models that have been suc-

cessfully used previously to describe natural arm move-

ments, and that could potentially describe the curved paths

observed here. We selected two models which are based on

energetic considerations and a third model which is based

only on the optimization of a kinematic quantity (mini-

mization of a joint jerk cost) to try to help elucidating the

importance of energetic considerations during stereotypical

finger movements used during grasping.

Inertia-like model

For the first model, the path and time course were selected

independently, based on the assumption that separate

planning constraints may be applied at the geometric and

temporal levels, before being integrated into a complete

representation (Biess et al. 2007). The path was selected to

minimize the integral of the weighted squared joint

derivatives along the path, in a similar way to the technique

presented in Biess et al. (2007). The kinetic energy Ek of a

multiple link open-chain manipulator like the finger can be

written in terms of the manipulator inertia matrix (Murray

et al. 1994):

Ekðh; _hÞ ¼ 1

2
_hT MðhÞ _h ð3Þ

where the 3 9 3 matrix M is known as the manipulator

inertia matrix. The derivation of M for this model of the

finger is described in ‘‘Appendix’’. The cost function used

here is similar to the one expressed above, but the

parameter is an arbitrary one (k), rather than time, because

it is assumed that the geometry is planned independently of

the time course. The arbitrary parameter k equals zero at

the start of the path, 1 at the end of the path, and mono-

tonically increases along the path. However, it is generally

not linearly related to either time or arc length. Thus, the

cost function is analogous but not equal to kinetic energy.

The definition is given by

CE ¼
1

2

Z1

k¼0

_hðkÞT MðhðkÞÞ _hðkÞdk ð4Þ

These paths are geodesic in configuration space with

respect to the above metric.

The direct minimization of kinetic energy is not suitable

for finger movements, because it would result in a move-

ment with constant velocity, which is inconsistent with the

observed boundary conditions in natural point-to-point

movements of zero joint velocity and acceleration at the

start and end of the movement. However, the geodesics

produced by minimization of the cost function in Eq. 4

have some attractive properties. Namely, the dynamics of

the movement are simplified along these paths, as the terms

due to the centrifugal and Coriolis forces disappear (Biess

et al. 2007). It is only along paths minimizing this cost

function that all the force can be used for accelerating

along the path. This property is true regardless of the

selected velocity profile.

The joint angles of the metacarpophalangeal (hMPJ) and

proximal interphalangeal (hPIJ) joints were modeled using

Jacobi polynomials (Wada et al. 2001; Biess et al. 2006).

Complete details of the technique used can be found in
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Biess et al. (2006). Each joint was modeled as a function of

a parameter k by

hðkÞ ¼ h0 þ ðhf � h0Þkþ
XN

k¼0

ciku
ð1Þ
k ðkÞ; 0� k� 1 ð5Þ

The first two terms here, which describe a straight line

from the initial to the final joint angles, ensure that the

boundary conditions are met. The basis functions, uðmÞk ðkÞ,
are described in terms of Jacobi polynomials. Each basis

function satisfies homogeneous boundary conditions. The

basis functions are defined as (Wada et al. 2001; Biess et al.

2006)

uðmÞk ðkÞ ¼ Ck;m22mkmð1� kÞmP
ð2m;2mÞ
k ð2k� 1Þ ð6Þ

where m is the order of the highest derivative in the

cost functional, Ck,m is a normalization factor, the term

km(1 - k)m ensures that the basis function vanishes at the

boundary points, and Pk
(2m,2m) is the Jacobi polynomial,

defined by

Pða;bÞn ðxÞ ¼ 1

2n

Xn

k¼0

nþ a
k

� �
nþ b
n� k

� �
ðx� 1Þn�kðxþ 1Þk

ð7Þ

Jacobi polynomials are used because they define a set of

orthogonal functions on [0,1], while satisfying the correct

boundary conditions. This means that using a sufficiently

large number of polynomials, any (smooth) trajectory of h
can be captured (in the least squared sense). First, the value

of ci0 was determined by minimizing the cost function

using only the 0th order expansion. This value of ci0 was

then fixed, and the process repeated for ci1 using the first-

order expansion, and so on. The optimization was

performed using nonlinear optimization, using the optimi-

zation toolkit in Matlab. In practice, only the first three

polynomials were used because the coefficients became

very small after this. The value of the cost function was

evaluated at 1,000 steps of k.

The time course was then set such that the squared jerk

of the Euclidean arc length along the path (Eq. 1) was

minimized. The optimal arc length jerk trajectory can be

written as

sðtnÞ ¼ sð1Þ 6t5
n � 15t4

n þ 10t3
n

� �
; sð0Þ ¼ 0;

tn ¼ ðt � t0Þ=ðtf � t0Þ
ð8Þ

The arc length at each sample point during the modeled

movement was calculated using Eq. 2, and the movement

was then resampled so that the arc length jerk would be

minimized.

An outcome of using the minimum arc length jerk cost

along these geodesic paths is that the peak kinetic energy is

also minimized (Biess et al. 2007).

Minimum torque change

The second model used was the minimum torque-change

model (Uno et al. 1989), which was used to predict the path

and the time course.

The cost function used for the minimum torque-change

model was

Cs ¼
1

2

Z
ds hð Þ

dt

� �T
ds hð Þ

dt

� �
dt ð9Þ

The torque is calculated using the inertia and Coriolis terms

of the dynamic equation:

s ¼ MðhÞ€hþ Cðh; _hÞ _h ð10Þ

The effects of gravity are neglected.

For this model, Jacobi polynomials were also used:

hðtnÞ ¼ h0 þ ðhf � h0Þ 6t5
n � 15t4

n þ 10t3
n

� �

þ
XN

k¼0

ciku
ð3Þ
k ðtnÞ; 0� tn� 1 ð11Þ

where the coefficients cik were selected to minimize the

cost. In this case, the first two terms describe a polynomial

that satisfies the boundary conditions of the minimum

torque-change model, namely, that the velocities and

accelerations at the start and end are zero, as described in

Nakano et al. (1999). For this model, the joint angles are

modeled as a function of normalized time tn = t/tf, because

the path and velocity profiles cannot be derived indepen-

dently as with the previous model. In this case, the Jacobi

polynomials are constructed with a basis where m = 3,

corresponding to an expansion scheme of order m = 3.

Minimum angular jerk

The third model was the minimum angular jerk model

(Okadome and Honda 1999; Hermens and Gielen 2004),

which was used to predict both the path and the time

course. That is, each joint will have a trajectory determined

by

hðtnÞ ¼ h0 þ ðhf � h0Þ 6t5
n � 15t4

n þ 10t3
n

� �
;

tn ¼
t � t0

tf � t0
0� tn� 1 ð12Þ

This implies that there is a linear relationship between the

metacarpophalangeal joint and the proximal interphalan-

geal joint, since both have the same time course.

This model does not require the use of optimization to

determine the finger trajectory because the coefficients of

the minimum jerk trajectory are known.

For all the models, the distal interphalangeal joint (hDIJ)

was assumed to be determined by the proximal
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interphalangeal joint, based on the findings of previous

papers (Hahn et al. 1995). For each movement, the rela-

tionship between hPIJ and hDIJ was modeled by a third-

order polynomial:

hPIJ ¼ p1h
3
DIJ þ p2h

2
DIJ þ p3hDIJþp4 ð13Þ

This was used, rather than a linear relationship as was

suggested in Hahn et al. (1995), because at the extremes of

the joint range, the linear relationship was found not to

hold.

The minimization of the cost functions was performed in

Matlab, using the non-linear optimization function in the

Optimization toolkit. The torque for all the movements was

estimated using Eq. 10.

Quality of fit

The quality of the predictions was compared by calculating

the root mean square error (RMSE) between the predic-

tions and the experimental data for Cartesian (xy) endpoint

data Exy with respect to the normalized arc length r, and for

the Cartesian endpoint velocities Evel and joint angles

Eposture with respect to normalized time:

Exy ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

i¼1

ðxeðriÞ � xpðriÞÞ2 þ ðyeðriÞ � ypðriÞÞ2
vuut

Evel ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

i¼1

ð _xeðtiÞ � _xpðtiÞÞ2 þ ð _yeðtiÞ � _ypðtiÞÞ2
vuut

Ehk
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

i¼1

ðhkeðtiÞ � hkpðtiÞÞ2
vuut

Eposture ¼ EhMPJ
þ EhPIJ

þ EhDIJ
ð14Þ

The subscript p denotes the prediction of the model, and e

the experimentally recorded data. The error in terms of the

posture (joint angles) was calculated by summing the errors

over the angles.

The first error measure considers differences only in the

endpoint paths, whereas the second measure also considers

the velocity profiles. The third error measure captures the

differences in the joint angle trajectories with respect to

time.

The errors of the different models in terms of the RMSE

for the path, Cartesian endpoint velocity, and joint angle

data were compared using multiple t tests, with the Bon-

ferroni correction applied to prevent spurious results due to

the multiple comparisons. All results stated as being sig-

nificant are at the 0.05 confidence level, after the Bonfer-

roni correction.

Results

Fit of the path

The goodness of the fits of the three models to the exper-

imentally recorded data, in terms of the error measures

defined in Eq. 14, are summarized in Table 1.

In terms of the path error Exy, the best model (minimum

angular jerk) predicts the path well with a small average

error (\1 mm), while for some subjects the inertia-like cost

and the minimum torque-change models are an order of

magnitude worse than the minimum angular jerk model.

Smaller differences between the models are observed in the

velocity error Evel. The posture errors Eposture show rela-

tively larger errors (compared to the magnitudes of the

movements) than for the other measures.

The following results refer to comparisons using mul-

tiple t tests, after taking into account the Bonferroni

correction. For the path (Exy) and posture (Eposture) errors,

the minimum angular jerk had significantly lower errors

than the inertia-like cost model, which in turn had sig-

nificantly lower errors than the minimum torque-change

model. For the velocity (Evel) error, there were no sig-

nificant differences between the minimum angular jerk

and the inertia-like models, but both these models had

significantly lower errors than the minimum torque-

change model.

Four typical movements for Subject 2 are presented in

Fig. 1. This figure shows the fit to the path, and the three

joint angles. Figure 2 presents the torque predictions for

the three joints, where the torque was calculated using

Eq. 10.

From Fig. 1, it can be observed that for the path, the

minimum torque-change model generally predicted a path

with curvature opposite to that observed in the other

models. In terms of the joint angles, it can be observed that

the medial phalange moves more than the other phalanges

of the finger. The shape of the joint angles’ trajectories

were similar (although scaled) between the different

movements and joints.

In Fig. 2, where the torque is plotted for the different

models, the models produce predictions of joint torque that

are qualitatively similar to the experimental data.

In the second set of experiments, a weight of 20 g was

added to the medial phalange. Over the duration of the

experiment (approximately 30 min), learning effects were

not observed, that is, similar trajectories were observed at

the beginning and end of the recording session. The shape

of the fingertip paths were very similar to those seen when

the subjects were not wearing the lead spiral. Figure 3

contrasts the different predictions for a typical movement

with and without the added weight. When the weight

Exp Brain Res (2009) 196:497–509 501
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is added, the inertia-like cost prediction becomes more

straight, and the minimum torque change prediction

becomes much more curved.

The fits of the model when a weight of 20 g was added

to the medial phalange are presented in Table 2.

Four typical movements for Subject 2 are presented for

the endpoint and joint angles in Fig. 4 and the joint torques

in Fig. 5 for the condition with the added weight.

With the added weight, the multiple t tests gave the

same conclusions as without the added weight. When

Table 1 The goodness of the fit for the three models—minimum inertia-like cost, minimum torque change model and minimum angular jerk

model

Subject Error measure Inertia-like cost Minimum torque change Minimum angular jerk

1 Exy(910-4) 17.25(±21.89) 58.77(±67.67) 9.58(±19.88)

Evel(90.01) 2.62(±2.60) 4.00(±3.45) 2.53(±2.76)

n = 34 Eh(90.1) 18.71(±10.86) 47.53(±25.08) 8.30(±6.38)

2 Exy(910-4) 13.71(±10.93) 60.06(±55.62) 8.40(±8.20)

Evel(90.01) 2.61(±1.75) 3.84(±2.89) 2.64(±1.82)

n = 38 Eh(90.1) 14.28(±6.01) 47.24(±21.48) 9.29(±4.56)

3 Exy(910-4) 6.58(±5.59) 25.27(±26.58) 3.46(±3.94)

Evel(90.01) 2.21(±1.40) 2.47(±1.75) 2.27(±1.41)

n = 22 Eh(90.1) 7.76(±4.13) 20.02(±5.59) 5.06(±2.97)

4 Exy(910-4) 9.12(±10.70) 24.86(±28.76) 5.53(±10.51)

Evel(90.01) 3.07(±1.66) 4.02(±1.96) 2.89(±1.87)

n = 23 Eh(90.1) 11.99(±5.20) 24.60(±11.07) 5.75(±5.28)

The units for the path errors Exy are m, for velocity errors Evel are m s-1, and for posture Eposture are radians
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Fig. 1 Experimental data and

model predictions for four

typical movements for Subject

2. Along with the experimental

data, the predictions are shown

for the minimum weighted

squared joint derivatives

(inertia-like cost), minimum

torque-change model and the

minimum angular jerk model.

The first row is in Cartesian

space (x vs. y), in m, the next
three rows are the joint angles

(in radians) plotted against time

(s). Each column is a different

movement
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comparing the predictions of the same model between the

initial experiments and the experiments with the added

weight, the quality of fit of the predictions was significantly

worse for the torque-change model with all error measures,

but no significant differences were observed with the other

two models.

Sensitivity of model predictions to variations in

parameters

The phalange lengths, phalange radii, center of mass of the

phalanges and the density of the finger are all used in

the calculation of the inertia matrix. The sensitivity of the

calculated errors to variations in these parameters was

quantified by systematically varying each parameter, re-

performing the optimization, and calculating the errors (as

defined in Eq. 14). The average errors were calculated for

the inertia-like model, and the minimum torque-change

model, because only these two models were dependent on

the inertia matrix. The results of varying the parameters for

Subject 1 can be found in Figs. 6 and 7. Even with these

variations to the models, the statistical conclusions pre-

sented above are unchanged.

Discussion

During grasping movements, the fingers have been

observed to show stereotypical trajectories. In particular,

the path of the fingertip was observed to be well described

by a logarithmic spiral (Kamper et al. 2003). While this

provides a succinct description of the experimental obser-

vations, it does not provide a mechanism for the generation

of these trajectories. In this work, three different optimi-

zation-based models were compared for their ability to

describe the observed paths and joint angle trajectories,

with the assumption that these are potential strategies that

the CNS could use for planning finger movements during

grasping. Based on the different error measures considered,

given the initial and final postures of the finger, the mini-

mum angular jerk model predicted well the observed tra-

jectories, and this prediction was significantly better than
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Experimental data
Inertia−like cost
Min. torque change
Min. angular jerk

Fig. 2 Model predictions in

terms of torque (N m) for the

three joints for the four

movements plotted in Fig. 1.

The models are as described in

Fig. 1. Each row is the torque at

one joint, and each column is a

different movement
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the other models considered. Flanagan and Ostry (1989)

had found that a minimum angular jerk criterion modeled

well vertical arm movements. In Laczko et al. (2000), it

was observed that for arm movements, the jerk-related

terms at the joint level dominate the endpoint jerk of the

arm, and so minimization of endpoint jerk can be well

approximated by minimization of joint jerk-related cost.

Based on the results found in this work, our initial pre-

diction that an inertia-like cost would best predict finger

movements, as was found recently for arm movements

(Biess et al. 2007) was not supported. Rather, probably due

to the large differences in the physical properties and the

inertia between the fingers and the arm, it appears that the

CNS uses different strategies for the arm versus the fingers.

Minimization of the angular jerk ensures smooth finger

trajectories. These may be beneficial for finger movements

during grasping, because they ensure that during the

grasping of an object, the fingers will be moving slowly at

the end of the movement, allowing time for corrections as

the object is grasped.

The original formulation of the minimum jerk model

(Flash and Hogan 1985), proposed for arm movements,

predicts straight line paths of the end effector, and so is

unsuitable for the curved paths observed for the fingers

during grasping. While the model of Smeets and Brenner

(1999) is able to produce curved trajectories by relaxing the

requirement that the endpoint acceleration be zero, Kamper

et al. (2003) have shown that this model is unsuitable for

finger trajectories during grasping, due to its inability to

reproduce the velocity profiles experimentally found. Fur-

thermore, for the data recorded in our study, the endpoint

accelerations of the fingers were observed to be zero at the

endpoints.

The minimum angular jerk model implies that the tra-

jectory is not planned in terms of the end-point movement,

but rather in terms of joint angles. While the velocity can

be arbitrarily scaled with movement duration, the temporal

and spatial aspects are coupled in this model.

Furthermore, if each joint follows such a trajectory, this

implies that the joint angles of the finger are linearly
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(a) (b)Fig. 3 Comparison of a typical

movement (a) without and

(b) with the added weight. Note

that the path predicted by the

inertia-like cost becomes more

like a straight line, while the

path predicted by the minimum

torque-change model becomes

much more curved, in the wrong

direction

Table 2 The goodness of fit for the three models with the added 20 g

weight on the medial phalange, as described in Table 1

Subject Error Inertia-like Minimum Minimum

Measure Cost Torque change Angular jerk

1 Exy(910-4) 19.76(±23.48) 77.23(±77.13) 5.78(±17.14)

Evel(90.01) 5.05(±5.09) 6.31(±4.04) 5.36(±5.23)

n = 19 Eh(90.1) 19.46(±10.69) 42.82(±15.94) 8.18(±8.23)

2 Exy(910-4) 15.21(±11.33) 120.29(±72.33) 8.95(±9.88)

Evel(90.01) 2.74(±1.26) 6.27(±2.71) 2.72(±1.28)

n = 22 Eh(90.1) 10.49(±4.92) 51.20(±28.08) 6.39(±3.28)

3 Exy(910-4) 4.49(±2.62) 30.36(±31.18) 2.20(±1.67)

Evel(90.01) 1.83(±0.90) 2.79(±1.63) 1.84(±1.02)

n = 12 Eh(90.1) 3.75(±1.38) 11.68(±4.02) 2.10(±1.51)

4 Exy(910-4) 6.95(±12.34) 15.49(±16.00) 6.82(±12.39)

Evel(90.01) 1.99(±1.18) 2.38(±1.23) 1.90(±1.27)

n = 12 Eh(90.1) 2.70(±2.00) 10.37(±6.84) 2.36(±1.88)
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related, as was found in a recent study (Dejmal and

Zacksenhouse 2006) examining manipulative movements

on objects. This constant ratio between the joint velocities

was first observed by Soechting and Lacquaniti (1981).

The coordinated action of the joints during grasping may

be partially due to the biomechanics of the fingers. The

extrinsic muscles flexor digitorum superficialis (FDS) and

flexor digitorum profundus (FDP) contribute to finger flex-

ion (Norkin and Levangie 1992). The FDP can flex the

metacarpophalangeal, proximal interphalangeal and distal

interphalangeal joints, and as was observed, this combined

action may result in synchronizing motion at the three joints.

The joint trajectories observed showed that the medial

phalange moved more than either the proximal or distal

phalanges. While the use of a model based on minimizing a

kinetic energy-related cost was found to predict less well

the finger movements than other models, the minimum

angular jerk model does not predict which posture should

be used for a given endpoint, and hence energetic factors

may be partially responsible for the selection of the end-

point posture. Accelerating the lighter medial phalange

requires less torque than accelerating the proximal

phalange (which also must rotate the other phalanges with

it). The reason that the distal phalange, which weighs the

least, and theoretically would not require rotating the other

phalanges is not rotated more seems to be due to biome-

chanical constraints (Hahn et al. 1995). This biomechanical

constraint was implemented in the models, and was needed

in order to produce models with reasonable fits to the data.

The minimum torque-change model was found, in

general, to predict the path and trajectories significantly

worse than the other models. It predicted fingertip paths

with a curvature opposite to that observed in the experi-

mental data.

The poorer fit to the experimental data of the inertia-like

model, and the minimum torque-change model were likely

not due to errors in the inertia matrix, as systematic vari-

ation of these parameters did not improve significantly the

fit of these models to the data.

When the inertia of the medial phalange was changed by

adding a weight, the kinematics (i.e., the joint angle tra-

jectories and the fingertip path) did not change signifi-

cantly. In the minimum torque-change model, when the

weight was added, the predictions became worse. The
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Experimental data
Inertia−like cost
Min. torque change
Min. angular jerk

Fig. 4 The xy path and joint

angle trajectories of the model

and the experimental data for

four typical movements for

Subject 2, with the added 20 g

weight on the medial phalange.

The graphs are as described in

Fig. 1
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Experimental data
Inertia−like cost
Min. torque change
Min. angular jerk

Fig. 5 Fits of the model in

terms of torque with the added

20 g weight on the medial

phalange for four typical

movements for Subject 2. The

graphs are as described in Fig. 1
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Fig. 6 Results of the sensitivity analysis for Subject 1, for the inertia-

like model. The graphs show the average error, using the measures

defined in Eq. 14, as a result of changing the model parameters, over

the ranges shown. The phalange lengths, l1, l2 and l3, the phalange

radii R1, R2 and R3, and the center of mass of the phalange, lc1, lc2 and

lc3 are lengths relative to the subject-dependent lengths used in the

previously described models. The units of density are kg m-3. None

of the changes in the errors due to these changes in the parameters

changed the conclusions described
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predicted paths become more curved, generally in the

wrong direction. Even without the addition of the weight,

the predicted trajectories were more curved than the

observed trajectories, due to the medial and distal joint

angles exceeding the final joint angles, and then returning.

When the weight was added, the effect became larger.

Hence, there seems to be little support for using the

inertia-like and minimum torque-change models in pre-

dicting index finger motion during grasping. In Biess et al.

(2007) for arm movements, the inertia-like cost model was

shown to model well arm movements. The difference in the

findings may be explained by the different role that inertia

plays in arm movements, where energetic considerations

are important, and finger movements which have very low

inertia and other factors may be more important in planning

movements. It may also have been that with long-term

adaptation, the trajectories may change to reflect the chan-

ges in the inertia; however, we do expect this to be the case.

The nature of the minimum angular jerk model is that its

predictions do not depend upon the inertial properties of

the finger, and thus did not change when a weight was

added to the medial phalange. The large changes in the

predictions of the minimum torque-change model, which is

dependent on the finger inertial properties, with the change

in weight of the medial phalange, that were not observed in

the recorded finger movements, suggests that finger tra-

jectories are in general not mainly dictated by dynamic

criteria related to impedance. Nevertheless, it is possible

that the characteristics of the trajectories could alterna-

tively be modeled by taking into account the inertial

properties of the fingers and the visco-elastic properties of

the muscles and tendons, and could be modeled by a model

that assumes two separate levels of trajectory planning and

motor execution (Flash 1987) or a separation of planning of

trajectory and final position (Scheidt and Ghez 2007), but

this goes beyond the scope of the current study.

The different models have different numbers of free

parameters. The inertia-like cost model has three parame-

ters (the weights of the Jacobi polynomials) for each of the

two joint angles which are fitted according to the cost

function. However, these are not free parameters, rather,

they enable the approximate minimization of the cost

function, and are selected based on the cost function and

not derived from the observed trajectories. Where analytic

solutions to the minimization problem possible, then no

parameters would have been required. A similar statement

is true for the minimum torque-change model. Finally, the

minimum angular jerk model does not have any parameters

that need to be fitted since the analytic solution is known.

An apparent contradiction is observed between the

finding that the path is well fitted by a logarithmic spiral,

and the finding that the joint angle trajectories are linearly

related, as these both cannot be true simultaneously

(Friedman 2007). While mathematically this statement is

true, based on the results in this paper, it is noted that the

predictions of the minimum angular jerk model, at least for

the trajectories studied in this work, are very close to

logarithmic spirals, although this may not be true for other

movements. It should be noted that while logarithmic

spirals approximate reasonably well the finger path during

grasping movements, they cannot describe general finger

movements. For example, a radial movement of the finger

performed, cannot be approximated by any logarithmic

spiral. In Cruz and Kamper (2006), where subjects were

asked to make point-to-point finger movements in the

plane, the observed trajectories could not be well fitted by

logarithmic spirals. Use of the models presented in this

work for such trajectories would serve as a good test for

their generalization to more general finger movements,

rather than to the specific finger movements involved in

grasping, although more complex movements may involve

the composition of multiple sub-movements. The exami-

nation of tasks requiring particular force and/or velocity

demands, for example, playing the piano, using tools, or

manipulating an object, could also help determine the

general applicability of such models.

The stereotypical trajectories observed in this work are

based on more than simply biomechanical constraints. This
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Fig. 7 Results of the sensitivity

analysis for Subject 1, for the

minimum torque-change model.

The explanation of the graphs is

the same as for Fig. 6
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can be deduced from observations of patients that cannot

balance the activation of their intrinsic and extrinsic mus-

cles, who do not generate these stereotypical trajectories

(Littler 1973).
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Appendix: dynamic equations

Complete details of the derivation can be found in Fried-

man (2007). The 3 9 3 inertia matrix for a 3 joint finger is

given by

M1;1 ¼ ð2lc3c3l2 þ l2
2 þ l21 þ 2lc3l1c23 þ lc2

3 þ 2l2l1c2Þm3

þ m1lc2
1 þ Iz1 þ Iz2 þ Iz3 þ 2m2c2l1lc2

þ m2lc2
2 þ l2

1m2

M1;2 ¼ ðl2
2 þ lc2

3 þ 2lc3c3l2 þ lc3l1c23 þ l2l1c2Þm3

þ m2c2l1lc2 þ m2lc2
2 þ Iz2 þ Iz3

M1;3 ¼ ðlc3 þ c3l2 þ l1c23Þm3lc3 þ Iz3

M2;2 ¼ ðl2
2 þ lc2

3 þ 2lc3c3l2Þm3 þ m2lc2
2 þ Iz2 þ Iz3

M2;3 ¼ ðlc3 þ c3l2Þm3lc3 þ Iz3

M3;3 ¼ m3lc2
3 þ Iz3 ð15Þ

where l are the lengths of the phalanges, lc are the lengths

to the center of the phalanges, ci is the cosine of joint angle

i, cij is the cosine of angle i ? j, si is the sine of joint angle

i, and m are the masses of the phalanges.

The other three terms of the inertia matrix can be found

from the symmetry property of the inertia matrix.

The Coriolis and centrifugal forces are given by

C1;1 ¼ � _h2l1ðm2s2lc2 þ m3l2s2 þ m3s23lc3Þ
� _h3m3ðlc3s3l2 þ l1s23lc3Þ

C1;2 ¼ � _h1l1ðs2m2lc2 þ m3l2s2 þ s23m3lc3Þ
� _h2l1ðm2s2lc2 þ m3l2s2 þ m3s23lc3Þ
� _h3m3ðs3l2lc3 þ l1s23lc3Þ

C1;3 ¼ �m3lc3ð _h1 þ _h2 þ _h3Þðs3l2 þ l1s23Þ
C2;1 ¼ _h1ðm2s2l1lc2 þ m3l1l2s2 þ l1s23m3lc3Þ

� _h3ðm3s3l2lc3Þ
C2;2 ¼ � _h3m3s3l2lc3

C2;3 ¼ �m3s3l2lc3ð _h1 þ _h2 þ _h3Þ
C3;1 ¼ m3lc3ð _h1s3l2 þ _h1l1s23 þ _h2s3l2Þ
C3;2 ¼ m3s3l2lc3ð _h1 þ _h2Þ
C3;3 ¼ 0
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